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ABSTRACT 

Theore t i ca l  equa t ions  a r e  der ived  for t h e  s p e c t r a l  band absorptance 

of r a d i a t i o n  which t r a v e r s e s  two or more ce l l s  i n  series. The amount of 

absorbing gas ,  p re s su re ,  and temperature of each  c e l l  may be chosen indepen- 

dent ly .  Limit ing express ions  a re  obta ined  when t h e  absorptance of a l l  of 

t h e  cel ls  can be represented  by e i t h e r  t h e  weak l i n e  or t h e  s t r o n g  l i n e  ap- 

proximation as well as when some of t h e  ce l l s  can be represented  by t h e  weak 

l i n e  approxina t ion  while  t h e  remainder can be r ep resen ted  by t h e  s t rong  l i n e  

approximation. Some of t h e  resu l t s  apply t o  any s p e c t r a l  band, while  o t h e r  

r e s u l t s  apply only  t o  p a r t i c u l a r  band models or t o  nonoverlapping s p e c t r a l  

l i n e s .  The dependence of t h e  absorptance on t h e  va r ious  parameters  is  il- 

l u s t r a t e d  by numerous examples. The cond i t ions  for t h e  v a l i d i t y  of t h e  u s u a l  

i n t e r p o l a t i o n  procedure for ob ta in ing  t h e  equ iva len t  parameters for a homo- 

geneous pa th  are der ived.  
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I In t roduc t ion  

A number of l abora to ry  measurements have been made of t h e  absorptance 

of t h e  i n f r a r e d  bands of atmospheric gases  as a func t ion  of absorber  con- 

c e n t r a t i o n  and p res su re ,  Unfortunately it is n o t  p o s s i b l e  t o  s imulate  

under c o n t r o l l e d  cond i t ions  i n  t h e  l a b o r a t o r y  t h e  c o n t i n u a l l y  vary ing  va lues  

of t h e  p re s su re ,  temperature ,  and absorber  concent ra t ion  which occur  a long  

an a c t u a l  s l a n t  pa th  i n  t h e  atmosphere. 

i n  t h e  l abora to ry  t h e  condi t ions  along an atmospheric s l a n t  pa th  is t o  a l low 

t h e  r a d i a t i o n  t o  pas s  through a series of  c e l l s  i n  s e r i e s .  

concen t r a t ion ,  p re s su re ,  and temperature  of each of t h e s e  ce l l s  may be ad- 

j u s t e d  independent ly  t o  s imula te  t h e  d e s i r e d  s l a n t  path.  

s tudy  of t h e  absorptance of two or more c e l l s  i n  s e r i e s  can provide va luable  

a d d i t i o n a l  information of t h e  inf luence  o f  absorber  concen t r a t ion ,  p re s su re ,  

and temperature  upon t h e  i n t e r a c t i o n  of r a d i a t i o n  with a complex band o f  

s p e c t r a l  l i n e s .  

The only means for’ approximating 

The absorber  

In  a d d i t i o n  t h e  

Two d i f f e r e n t  l abora to ry  experiments’s2 have been r epor t ed  which used 

two cel ls  i n  series,  each of which conta inedthe  same absorbing gas. 

of t h e  experimental  i n t e r e s t  i n  t h i s  problem, it seemed worthwhile t o  i n v e s t i -  

g a t e  t h e o r e t i c a l l y  t h e  absorpt ion laws f o r  a s e r i e s  of cel ls  i n  s e r i e s .  

Furthermore t h i s  s tudy provides  a new understanding of t h e  absorp t ion  laws 

Because 

which apply t o  an atmospheric  s l a n t  path.  3 94 

The absorptance of a s i n g l e  s p e c t r a l  l i n e  by two or more cel ls  i n  series 

is  s t u d i e d  i n  Sec t ion  11. 

l i n e s  ove r l ap  i s  d iscussed  i n  Sect ion 111, where t h e  r e s u l t s  for t h e  Elsasser 

and t h e  s t a t i s t i c a l  models a r e  presented t o g e t h e r  with some g e n e r a l  r e s u l t s  

a p p l i c a b l e  t o  any band. 

The added complicat ion introduced when t h e  s p e c t r a l  

F ina l ly  t h e  i n t e r p o l a t i o n  procedure4 9 5  ,6 ,7 which 

h a s  proven t o  be s o  u s e f u l  f o r  atmospheric s l a n t  pa ths  i s  app l i ed  t o  t h i s  
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problem i n  Sec t ion  I V .  

s p e c i f i e d  condi t ions .  

11. Absorptance by a Single  S p e c t r a l  Line 

I t  i s  shown t o  be v a l i d  only  under c e r t a i n  

The equ iva len t  width,  W, of a s i n g l e  s p e c t r a l  l i n e  is c a l c u l a t e d  i n  

t h i s  s e c t i o n  when t h e  r a d i a t i o n  has  passed through two o r  more ce l l s  i n  series. 

The complicat ing effects  caused by t h e  overlapping of t h e  s p e c t r a l  l i n e s  

are n o t  considered u n t i l  t h e  next s ec t ion .  The equ iva len t  width is de- 

f i n e d  as 

W = / A , ~ ~ l - e x p ( - ~ k . u . ) I d w  
j l l  

where Av is t h e  frequency i n t e r v a l  considered,  k .  and u .  are t h e  absorp t ion  
3 1 

c o e f f i c i e n t  and mass of absorbing gas  pe r  u n i t  area i n  t h e  j t h  c e l l  through 

which t h e  r a d i a t i o n  i s  passing.  

a band of nonoverlapping l ines  by merely mul t ip ly ing  W by t h e  number of 

l ines  i n  t h e  band, 

- 
Of course ,  t h e  r e s u l t s  can be appl ied  t o  

The absorp t ion  c o e f f i c i e n t  for t h e  i t h  c e l l  can be w r i t t e n  

where S is t h e  l i n e  i n t e n s i t y ,  p and T .  a r e  t h e  p re s su re  and temperature  

i n  t h e  j t h  c e l l ,  and b i s  t h e  l i n e  shape f a c t o r .  

broadened l i n e  shape, t h e  l i ne  shape f a c t o r  is 

j j 1 
For t h e  Lorentz p re s su re  

j - 

3 
( 3 )  

where w is t h e  wavenumber of t h e  l i n e  c e n t e r  and a i s  t h e  half-width i n  

t h e  j t h  ce l l .  
0 j 

- 
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A. Weak Line Approximat ion 

The weak l i n e  approximation is v a l i d  when t h e  absorp t ion  of t h e  

r a d i a t i o n  is small even a t  t h e  l i n e  cen te r .  If t h i s  is  t h e  case  f o r  t h e  

r a d i a t i o n  pass ing  through t h e  s e r i e s  of absorp t ion  cel ls ,  then  t h e  expon- 

e n t i a l  i n  Eq. (1) can be expanded i n  a power series t o  o b t a i n  

The equ iva len t  width of r a d i a t i o n  pass ing  only through c e l l  1 is 

W = \nu Cl-exp(-k u ) I d v ,  
1 1 1  

or when t h e  weak l i n e  approximation i s  v a l i d  we have 

W = u  1 k dv. 1 1 A v 1  

( 5 )  

Thus from Eqs. ( 4 )  and (61, it fol lows t h a t  

w = cw ( 7 )  
j j  

The equ iva len t  width is t h e  sum of t h e  equ iva len t  widths  f o r  t h e  

r a d i a t i o n  pass ing  through each of t h e  cel ls  by i t se l f .  

v a l i d  for any frequency i n t e r v a l  and any l i n e  shape. 

is t h a t  t h e  weak l i n e  approximation be v a l i d  for each c e l l  considered 

ind iv idua l ly .  

This  r e s u l t  is 

The only condi t ion  

The weak l i n e  approximation i s  usua l ly  considered t o  mean t h a t  t h e  

first two terms are retained i n  the expansion of t h e  exponent ia l ,  as iii 

t h e  d e r i v a t i o n  of Eq. (7 ) .  For some purposes t h e  first t h r e e  terms i n  

t h e  expansion are needed. 

t w o  cel ls  are i n  series. 

For s i m p l i c i t y ,  l e t  u s  cons ide r  t h e  case when 

In t h i s  case, w e  o b t a i n  from Eq. (1) and t h e  
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exp res s ion  f o r  t h e  Lorentz l i n e  shape, Eq. ( 3 1 ,  t h a t  

2S, a, u. S-a,u, . f$’ dv 

where t h e  o r i g i n  of t h e  coord ina te s  f o r  v has  been taken a t  t h e  l i n e  

c e n t e r .  

c e l l s  1 and 2 considered i n d i v i d u a l l y  where terms have been r e t a i n e d  through 

The q u a n t i t i e s  W and W2 s tand f o r  t h e  e q u i v a l e n t  width of t h e  1 

q u a n t i t i e s  of t h e  second order .  After performing t h e  i n d i c a t e d  i n t e g r a -  

t i o n  we ob ta in  t h e  r e s u l t  t h a t  

-1 Av 
t a n  -- 

2a 1 

When a l l  of t h e  abso rp t ion  t a k e s  p l a c e  wi th in  t h e  frequency i n t e r v a l  

Av, Eq.  ( 9 )  reduces t o  t h e  s imple r  form 

s u s u  1 1 2 2  

1 2  

(10) w = w t w -  
n ( a  t a  ) 

This  second o rde r  c o r r e c t i o n  t o  t h e  equ iva len t  width i s  v a l i d  only f o r  t h e  

Lorentz l i n e  shape. The ex tens ion  of t h e s e  r e s u l t s  t o  t h e  case when more 

t h a n  two ce l l s  are i n  series i s  immediate. The c o r r e c t i o n  term i n  t h i s  case 

is  merely t h e  sum of terms with a l l  p o s s i b l e  combinations of t h e  ind ices .  

B. Strong Line Approximation 

The s t r o n g  l i n e  approximation i s  v a l i d  when t h e  abso rp t ion  of t h e  

i n c i d e n t  r a d i a t i o n  i s  v i r t u a l l y  complete over  a frequency i n t e r v a l  a t  

least  s e v e r a l  half-widths  wide around t h e  l i n e  c e n t e r .  When t h i s  i s  t h e  

case, t h e  f a c t o r  a 

s i o n  f o r  t h e  Lorentz l i n e  shape f a c t o r ,  Eq. ( 3 1 ,  i n  c a l c u l a t i o n s  of t h e  

amount of r a d i a t i o n  which is  absorbed. 

may be neglected*’Y compared t o  ( v - v O l 2  i n  t h e  expres- 
j 
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If t h e  s t rong  l i n e  approximation is  v a l i d  f o r  each of  t h e  ce l l s  i n  

ser ies ,  then  we  

W =  

If t h e  v a r i a b l e  

W =  

is changed t o  z2 = ZS.a.u./Cn(v-v 2 I ,  then 
, 3 3 3  0 
J 1 

2 7 
-2 

z (1-e-' )dz. 
1 1  

2ccs . a . u .  3 
1 - 

(11) 

(12)  

Since t h e  equ iva len t  width W of t h e  i t h  c e l l  a lone  i s  
j 

1 1 1  - - -  
w = 2 s  2,.2u.2 , 
j ~ J I  

t hen  t h e  t o t a l  equ iva len t  width can be w r i t t e n  as 

J (CW, 2 2  ) /TI 2 Av 

or 

where t h e  d e f i n i t i o n  of t h e  func t ion  

of Eqs.  (13)  and ( 1 4 ) .  

When a l l  of t h e  absorp t ion  from 

i n t e r v a l  Av, t hen  Eq. 

W 

( 1 4 )  

g can be obtained by a comparison 

t h e  s p e c t r a l  l i n e  occurs  wi th in  t h e  

(13) reduces t o  (cf .  

1 
= ( Z W 2  2 3 -  0 

1 Gryvnak and Shaw ) 

(15) 
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Thus t h e  equ iva len t  width f o r  r a d i a t i o n  absorbed by a series of c e l l s  

is  given by t h e  square r o o t  of t h e  sum of t h e  squares  of t h e  i n d i v i d u a l  

equ iva len t  widths  of each cel l .  The assumption has  been made i n  de r iv -  

i ng  t h i s  r e s u l t  t h a t  t h e  s t r o n g  l i n e  approximation is v a l i d  f o r  each 

i n d i v i d u a l  absorp t ion  c e l l  and t h e  Lorentz l i n e  shape is  v a l i d .  

The above r e s u l t  can be genera l ized  t o  any p res su re  broadened l i n e  

10 shape which has  been proposed inc luding  those  wi th  asymmetric wings. 

If t h e  l i n e  shape f a c t o r  v a r i e s  as (v-vo)n i n  t h e  f a r  wings of  t h e  s p e c t r a l  

l i n e ,  then  we f i n d  by r epea t ing  t h e  d e r i v a t i o n  which l e a d  t o  Eq. (15) 

t h a t  

when it cannot be assumed t h a t  a l l  of t h e  absorp t ion  from t h e  s p e c t r a l  

l i n e  occurs  wi th in  t h e  i n t e r v a l  Av, Eq. (13) must be used. 

t o  e v a l u a t e  t h i s  i n t e g r a l  wi th  t h e  r e s u l t  t h a t  

It  is p o s s i b l e  

where 

C, Mixture of Weak and Strong L i n e  Approximations 

When t h e  r a d i a t i o n  passes  through a series of absorp t ion  c e l l s ,  it 

may happen t h a t  t h e  parameters  i n  t h e  f i r s t  c e l l  are such t h a t  t h e  weak 

l i n e  approximation is v a l i d f o r  t h a t  c e l l  considered by i t s e l f ,  while  t h e  

s t r o n g  l i n e  approximat ion  i s  v a l i d  for t h e  second. c e l l .  The equa t ions  which 
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where 

apply  i n  t h i s  important p r a c t i c a l  s i t u a t i o n  are de r ived  i n  t h i s  s ec t ion .  

For s i m p l i c i t y  of p r e s e n t a t i o n  it i s  assumed t h a t  t h e r e  are only  two c e l l s  

i n  s e r i e s .  

s i t u a t i o n s  where t h e r e  are more absorp t ion  cel ls .  

These r e s u l t s  can e a s i l y  be e x t e n d e d - t o  more complicated 

Assume first t h a t  t h e  absorp t ion  i n  t h e  first and second cells can 

be descr ibed  by t h e  weak l i n e  and s t r o n g  l i n e  approximations r e spec t ive ly .  

Then t r e a t i n g  each of t h e s e  approximations i n  t h e  usua l  manner, we  f i n d  

from Eqs. (11, ( 2 1 ,  and ( 3 )  t h a t  

Idv 
-k2U2 

GJ = f [ l - ( i - k  u )e Av 1 1  

2 -2 11 With t h e  a i d  of  t h e  s u b s t i t u t i o n  z = a S a u v , w e  f i n d  t h a t  1 2 2 2  

-2 B2 2 x2 = s a u /na 2 
2 2 2  1 n = 2B1 

9 = 2na/d 

( 2 0 )  

(21 )  

x = Su/2na9 (22 )  

and t h e  func t ion  + ( X I  i s  def ined a f t e r  Eq. (17). The q u a n t i t y  d is t h e  

mean l i n e  spacing i n  a band. 

s p e c t r a l  l i n e  and cance l s  out of t h e  equat ions.  

l a te r  use with a band. Useful forms of Eq. (19) can be obta ined  from t h e  

u s u a l  expansions of +(TI) when rl is  small o r  l a r g e  compared t o  u n i t y  wi th  

I t  has  no phys ica l  meaning f o r  a s i n g l e  

I t  i s  introduced here  f o r  
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t h e  r e s u l t  t h a t  

L I 

an d 

...), rl >' 1. 1 1 3 w = w t w1 - (1-- t - - 
2 .f r l L ^  2n 4n2 

The equ iva len t  width can be obta ined  from Eq. 

when t h e  f i r s t  absorbing c e l l  considered by i t s e l f  

r a d i a t i o n  according t o  t h e  weak l i n e  approximation 

according t o  t h e  s t r o n g  l i n e  approximation. In t h  

(191, (231, o r  

i n t e r a c t s  with 

and t h e  second 

s case t h e  equ 

(24) 

t h e  

c e l l  

v a l e n t  

width is equa l  t o  t h e  sum of the  equ iva len t  width of t h e  second c e l l  and 

the equ iva len t  width o f  t h e  f i rs t  c e l l  m u l t i p l i e d  by a c o r r e c t i o n  f a c t o r .  

This  c o r r e c t i o n  f a c t o r  is very small when n >> 1 so t h a t  t h e  equ iva len t  

is n e a r l y  equa l  t o  W2. 

On t h e  o t h e r  hand when q c c  1 t h e  c o r r e c t i o n  f a c t o r  is n e a r l y  u n i t y  

s o  t h a t  t h e  equ iva len t  width i s  n e a r l y  equa l  t o  W2 t W1. 

t o  be much less than  u n i t y ,  it fo l lows  from Eq. ( 2 0 )  t h a t  B1 / B 2  

Since t h e  second c e l l  is assumed t o  be r ep resen ted  by t h e  s t rong  l i n e  approxi-  

mation, it follobjs that >E > 2 m d  t h a t  t h e r e f o r e  

ce l l ,  whose abso rp t ion  considered by i t s e l f  is descr ibed  by t h e  weak l i n e  

approximat ion ,  makes an apprec iab le  c o n t r i b u t i o n  t o  t h e  t o t a l  abso rp t ion  

when i n  ser ies  wi th  ce l l s  descr ibed by t h e  s t rong  l i n e  approximation only  

when t h e  p re s su re  i n  t h e  f i r s t  c e l l  i s  very  much l a r g e r  than t h a t  i n  t h e  

In o r d e r  f o r  

2 2  > > x 2 *  

>> 8 Thus t h e  f irst  $1 2 '  2 

o t h e r  cells .  

When t h e  absorp t ion  i n  the f irst  c e l l  i s  descr ibed  by t h e  s t r o n g  l i n e  

approximation and t h a t  i n  t h e  second c e l l  by t h e  weak l i n e  approximation, a 
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similar d e r i v a t i o n  t o  t h a t  which has  j u s t  been d iscussed  shows t h a t  

A w = w + W e 5 Cl-+(S">I,  1 2  

where 

-2 2 5 = 2B2 B1 X1' 

Two u s e f u l  approximations t o  Eq.  ( 2 5 )  a r e  

-L I w = w1 + W2(l-2n 15'+5+. ..), 5 < < 1 

and 

(25 )  

( 2 6 )  

(27)  

(28 )  . . * I ,  5 ' ' 1. 1 1 3 -(l-+ - - w = w1 + w 
. t 5 +  25 4c2 

D. I l l u s t r a t i v e  Examples 

The f u n c t i o n a l  dependence of t h e  absorp t ion  on t h e  va r ious  parameters  

Let u s  cons ide r  as is i l l u s t r a t e d  i n  t h i s  s e c t i o n  f o r  some t y p i c a l  cases, 

examples, t h e  v a r i a t i o n  of t h e  absorp t ion  when x1 = 0.01, 1, and 100, so  

t h a t  t h e  first absorbing c e l l  i s  i n  t h e  region where t h e  absorp t ion  can be 

desc r ibed  r e s p e c t i v e l y  by ( 1 )  t h e  weak l i n e  approximation, ( 2 )  a case 

in t e rmed ia t e  between t h e  weak and s t rong  l i n e  approximation, and ( 3 )  t h e  

s t r o n g  l i n e  approximation. 

The equ iva len t  width divided by 2nal as a func t ion  of  1 + (B2x2/B1x1) 

is shown i n  Fig,  1 when x = 0.01, The uppermost l i m i t i n g  curve which is 

a s t r a i g h t  Line on a iog-iog p l o t  is t h e  eq' i ivalent wid th  vhen t h e  i b s n r p t i o n  

i n  both c e l l s  can be descr ibed  by t h e  weak l i n e  approximation. A l l  of t h e  

curves  for t h e  a c t u a l  equiva len t  width a s  shown i n  t h e  f i g u r e s  of t h i s  

a r t i c l e  were c a l c u l a t e d  by numerical  eva lua t ion  of Eqs. (11, (21,  and ( 3 )  on 

an e l e c t r o n i c  computor. 

1 

The r e s u l t s  were checked a g a i n s t  t h e  approximate 
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expres s ions  der ived  i n  Sec t ion  11, A-C. 

are compared with t h e  exac t  resu l t s  i n  more d e t a i l  i n  Sec t ion  I V .  

These approximate express ions  

The curves i n  Fig. 1 are f o r  va r ious  cons tan t  va lues  of q = B 2 / B 1 a  

S ince t h e  value x1 = 0.01 is  f ixed ,  t h e  a b c i s s a  is p r o p o r t i o n a l  t o  1 t 

( cons t an t )u2  along a given curve f o r  cons tan t  q, 

as t h e  r a t i o  q inc reases ,  t h e  equiva len t  width a l s o  i n c r e a s e s  u n t i l  t h e  

weak l i n e  l i m i t  is approached, As u2 increases for a f i x e d  va lue  of  q ,  

t h e  equiva len t  width i s  given f i r s t  by t h e  l i m i t i n g  weak l i n e  curve u n t i l  

qx2/x1 is approximately 20q, 

r a p i d l y  with u It f i n a l l y  inc reases  as u2' when t h e  absorp t ion  i n  t h e  

second c e l l  dominates t h a t  i n  the  first and when t h e  absorp t ion  i n  t h e  

second c e l l  can be r ep resen ted  by t h e  s t rong  l i n e  approximation. 

For a f i x e d  va lue  of u2 

Then t h e  equ iva len t  width i n c r e a s e s  less  
1 

2 '  

I n  Fig,  2 ,  W/2ncrl i s  shown as a func t ion  of  qx2/x1 (which is p ropor t iona l  

t o  u 

cons t an t  t h e  equ iva len t  width f i r s t  fo l lows  t h e  uppermost l i m i t i n g  weak 

l i n e  curve (obta ined  by assuming t h a t  t h e  absorp t ion  i n  t h e  second c e l l  

can be descr ibed  by t h e  weak l i n e  approximation) u n t i l  qx /x 

0.2q, 

it inc reases  as u ~ ~ .  

a long a given curve)  when x1 = 1. As u2 i n c r e a s e s  and q is he ld  2 

i s  approximately 2 1  

Then t h e  equ iva len t  width inc reases  less r a p i d l y  with u2 u n t i l  f i n a l l y  
I 

When x1 = 100,  t h e  first c e l l  is i n  t h e  s t rong  l i n e  reg ion ,  The v a r i a t i o n  

of W/2rral as a func t ion  of qx2/xl i s  shown i n  Fig,  3.  

q fo l low t h e  upper l i m i t i n g  weak l i n e  curve u n t i l  qxZ/x 

0.002. Ir. t h i s  case t h e  pressure  i n  t h e  second c e l l  must be very much g r e a t e r  

t h a n  t h a t  i n  t h e  first c e l l  i n  o rde r  f o r  t h e  second c e l l  t o  make both a 

s i g n i f i c a n t  con t r ibu t ion  t o  the  absorp t ion  and t o  be i n  t h e  weak l i n e  

reg ion .  

The curves f o r  cons t an t  

i s  approximately 1 
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I n  Figs.  4 ,  5 ,  and 6 t h e  quan t i ty  W/2sra is shown as a func t ion  of 

$ x / B  x a t  cons tan t  q and x I n  t h i s  p l o t  t h e  uppermost l i m i t i n g  curve 
1 

2 2 
2 2 1 1  1. 

is  obta ined  when t h e  absorpt ion i n  t h e  second c e l l  can be desc r ibed  by t h e  

s t r o n g  l i n e  approximation. In  Fig. 4 where x = 0.01, a curve a t  cons t an t  1 

q approaches t h e  uppermost l i m i t i n g  curve as x 

i d e n t i c a l  with it when q x /x  

inc reases  and becomes v i r t u a l l y  

In  t h i s  case when 

2 
2 2 is g r e a t e r  than  200q . 

2 1  

t h e  p re s su re  i n  t h e  second c e l l  is g r e a t e r  than i n  t h e  f i rs t  c e l l  as ,  f o r  

example, t h e  curve f o r  q = 10, then t h e  amount of absorbing gas  i n  t h e  second 

c e l l  must be correspondingly l a rge  t o  have t h e  t o t a l  absorp t ion  vary  as 

r equ i r ed  by t h e  s t r o n g  l i n e  approximation. 

I n  Fig. 5 f o r  x1 = 1, t h e  curves  approach t h e  l i m i t i n g  s t r o n g  l i n e  

2 2 curve when q x /x  is  g r e a t e r  than 2q . In Fig. 6 f o r  x = 100 ,  t h e  cor -  
2 1  1 

responding value f o r  q 2 x2/x1 is  0.02q 2 . In t h i s  case  it is necessary  for 

t h e  p re s su re  i n  t h e  second ce l l  t o  be very  much g r e a t e r  than  t h a t  i n  t h e  

first c e l l  before  any dev ia t ions  from t h e  l i m i t i n g  s t rong  l i n e  curve can 

be not iced .  

111. Absorption by a Band 

The e f f e c t s  due t o  t h e  overlapping of s p e c t r a l  l i n e s  i n  a band are 

cons idered  i n  t h i s  s ec t ion .  I f  w e  o r d e r  and number t h e  s p e c t r a l  l i n e s  of 

a band wi th in  t h e  frequency i n t e r v a l  Av wi th  t h e  index i, w e  may write t h e  - 
f o r  t h e  j t h  ( i )  - absorp t ion  c o e f f i c i e n t  of t h e  i t h  spectral  l i n e  as k 

j - 
absorp t ion  c e l l .  The equiva len t  width i s  now 

i i j  W = Cl-exp(-CCk u . ) l d v ,  
AV i j  j 1 

(29)  

where 
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The index i always refers t o  a p a r t i c u l a r  s p e c t r a l  l i n e ,  while  t h e  index j 

refers t o  a p a r t i c u l a r  absorpt ion ce l l .  

A. General  Resu l t s  f o r  a Band 

1 . 
If t h e  weak l i n e  approximation is  v a l i d ,  t h e  exponen t i a l  i n  Eq. ( 2 9 )  

Weak Line Approximat ion 

can be rep laced  by t h e  first two terms i n  i t s  s e r i e s  expansion as i n  Sec t ion  

11. 

width for t h e  band is 

We ob ta in  by t h e  same procedure as given t h e r e  t h a t  t h e  equ iva len t  

w = cw 
j j ’  

(31) 

where now W is t h e  equ iva len t  width for t h e  band of r a d i a t i o n  which passes  
j 

through on ly  t h e  i t h  absorp t ion  c e l l  so t h a t  

Th i s  reduces t o  

A 

when t h e  weak l i n e  approximation is a p p l i c a b l e  and v i r t u a l l y  a l l  of t h e  

abso rp t ion  occurs  i n  t h e  frequency i n t e r v a l  Aw. 

Thus, even f o r  a band of overlapping l i n e s  the equ iva len t  widtn i s  

t h e  sum of t h e  equ iva len t  widths of t h e  r a d i a t i o n  pass ing  through t h e  ind i -  

v i d u a l  absorp t ion  ce l l s  provided only  t h a t  t h e  weak l i n e  approximation is 

v a l i d .  This  r e s u l t  i s  t r u e  f o r  any l i n e  shape, any degree of  overlapping 

o f  t h e  s p e c t r a l  l i n e s ,  and any frequency i n t e r v a l  Av, even though some of 
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t h e  absorp t ion  from t h e s e  l i n e s  occurs  o u t s i d e  o f  t h e  i n t e r v a l  Av, 

and amount of absorbing gas  The r equ i r ed  p res su re  p temperature T 
h s  h '  

uh f o r  a homogeneous pa th  through a s i n g l e  absorbing c e l l  which has t h e  

same equ iva len t  width as t h e  series of i n d i v i d u a l  absorp t ion  ce l l s  can 

e a s i l y  be der ived from t h e s e  r e l a t i o n s .  

occurs  wi th in  t h e  frequency i n t e r v a l  Av, t h e  t o t a l  equ iva len t  width f o r  t h e  

series of absorp t ion  ce l l s  is 

When v i r t u a l l y  a l l  of t h e  abso rp t ion  

If t h i s  r e s u l t  is  compared wi th  t h e  similar express ion  f o r  a s i n g l e  abso rp t ion  

c e l l ,  we ob ta in  t h a t  

where s h ( i )  is t h e  i n t e n s i t y  of t h e  i t h  s p e c t r a l  l i n e  a t  t h e  temperature  

T 

- 
of t h e  s i n g l e  absorp t ion  ce l l  with t h e  homogeneous path.  h 

When t h e  temperature  i s  t h e  same i n  a l l  of t h e  va r ious  absorp t ion  

ce l l s ,  then  Eq. (34)  reduces t o  t h e  very  simply form 

u = cu 
h j *  ( 3 5 )  

Eqs. (34)  and (35 )  are t h e  g e n e r a l i z a t i o n s  of t h e  corresponding s l a n t  p a t h  

4 Eqs. (14)  and (15)  as given by Plass . 
2 . Strong Line Approximation 

When t h e  s p e c t r a l  l i n e s  overlap apprec i ab ly ,  t h e  d e r i v a t i o n  given i n  

Sec t ion  I I B  can no longe r  be followed. 

t h e  t rea tment  given by Plass4 which fo l lows  Eq. (17) of t h a t  a r t ic le .  

Ins t ead  it is necessary  t o  use 

If 

t h e  v a r i a t i o n  of t h e  half-width with p re s su re  and temperature  is given by 
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and it is assumed t h a t  t h e  v a r i a t i o n  of t h e  l i n e  s t r e n g t h  wi th  temperature  

can be represented  by 

where s ( T . 1  is a func t ion  t h a t  can be c a l c u l a t e d  from t h e  theo ry  of molecular  

s p e c t r a ,  then we ob ta in  
1 

o r  

where Eq. (39)  i s  a c t u a l l y  independent of t h e  index i because of Eqs. (36 )  

and ( 3 7 ) .  Equat ions (38)  and (39 )  are v a l i d  f o r  any v a r i a t i o n  o f  t h e  l i n e  

i n t e n s i t i e s ,  half-widths ,  and spacing between t h e  l i n e s  i n  t h e  f i n i t e  

- 

s p e c t r a l  i n t e r v a l  Av, even though some of t h e  absorp t ion  from t h e s e  l i n e s  

occurs  ou t s ide  of t h e  i n t e r v a l  Av. 

If a l l  t h e  s p e c t r a l  l i n e s  i n  t h e  s p e c t r a l  i n t e r v a l  Av have t h e  same 

i n t e n s i t y  S and t h e  half-widths of t h e  d i f f e r e n t  s p e c t r a l  l i n e s  a r e  equa l ,  

t hen  Eq. (39)  reduces  t o  

where S and a. may be d i f f e r e n t  i n  t h e  va r ious  absorbing cel ls  because of 

temperature  and pres su re  d i f fe rences .  

forEq, (40 )  t o  apply.  

j I 
The l i n e  spacing need n o t  be cons tan t  
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If t h e  temperature  is  t h e  same i n  t h e  v a r i o u s  absorbing c e l l s ,  t hen  

( i )  = S ( i )  and Eq.  ( 3 9 )  reduces t o  
’h j 

o r  

Equat ions (38)  t o  ( 4 2 )  a r e  t h e  g e n e r a l i z a t i o n s  o f  t h e  s l a n t  pa th  Eqs. ( 2 7 ) ,  

(231, and (28)  given by Plass . 4 These equa t ions  are a l s o  v a l i d  f o r  any 

v a r i a t i o n  of t h e  l i n e  i n t e n s i t i e s ,  ha l f -wid ths ,  and spacing between t h e  

l i n e s  i n  t h e  f i n i t e  s p e c t r a l  i n t e r v a l  Av. 

B. Elsasser Model 

The Elsasser model assumes t h a t  t h e  band is composed of a series o f  

8 evenly spaced s p e c t r a l  l i n e s  a l l  of  which have t h e  same i n t e n s i t y  . 
When t h i s  model a c c u r a t e l y  r e p r e s e n t s  an a c t u a l  band, s e v e r a l  i n t e r e s t i n g  

express ions  can be der ived  f o r  t h e  absorp t ion  by s e v e r a l  c e l l s  i n  series. 

8 For t h e  Elsasser model, t h e  absorp t ion  c o e f f i c i e n t  may be w r i t t e n  

S sinhB 

j d coshBi-cosz 
k =A,- ,  (43 )  

.# 

where 

where v is t h e  p o s i t i o n  of one of t h e  l i n e  cen te r s .  Thus from Eq.  (11, 
0 

we have t h a t  t h e  absorptance is 

6.x. sinB.  ’ I ldz  3 1  
L n  

2 n  -n j cosh f3. -cosz 
A =-l [l-exp( -1 

1 

( 4 4 )  

The exponen t i a l  i n  E q .  ( 4 4 )  can be rep laced  by t h e  f i r s t  two terms i n  
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i ts  series expansion when t h e  weak l i n e  approximation is va l id .  

case we  f i n d  af ter  an elementary i n t e g r a t i o n  t h a t  

In  t h i s  

-1 A = 1B.x = d CS.u.. 
j ~ j  j J 1  

( 4 5 )  

Thus t h e  absorptance i s  obtained by summing t h e  absorp tances  o f  each absorbing 

c e l l  as r equ i r ed  by Eq. (7). Each term i n  t h e  sum i s  t h e  usua l  express ion  

f o r  t h e  absorptance by an E l sas se r  band i n  a s i n g l e  cell8". 

When t h e  s t rong  l i n e  approximation i s  v a l i d  and B < 0.3,  t h e  hyperbol ic  

f u n c t i o n s  i n  Eq. ( 4 4 )  can be replaced by t h e  f i r s t  term i n  t h e i r  ser ies  

expansion and we  f i n d  t h a t  

where I$(x) is t h e  e r r o r  func t ion  i n t e g r a l  def ined  a f t e r  Eq. (17) .  

(46 )  can a l t e r n a t e l y  be der ived from Eq. ( 4 0 )  and t h e  customary express ion  

f o r  t h e  absorptance along a homogeneous p a t h  which i s  v a l i d  i n  t h e  s t r o n g  

l i n e  reg ion  

Equation 

8 

C. S t a t i s t i c a l  Model 

The s t a t i s t i c a l  model assumes t h a t  t h e r e  is no c o r r e l a t i o n  between 

t h e  p o s i t i o n s  of t h e  l i n e  centers .  

may be assumed. 

c a l c u l a t e d  by ~ayer'* Zrxi ~ o o d y  13 . 
for t h e  s ta t i s t ica l  model may be w r i t t e n  i n  t h e  convenient form 

Any d i s t r i b u t i o n  of l i n e  i n t e n s i t i e s  

The absorptance A a long  a homogeneous pa th  was o r i g i n a l l y  

~t has been shewn 1 4  that  t h e  abserptmce 
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where 

m 

N is  t h e  number of s p e c t r a l  l i n e s  i n  t h e  s p e c t r a l  i n t e r v a l  Av, W 

e q u i v a l e n t  width for a s i n g l e  i s o l a t e d  s p e c t r a l  l i n e  over  t h e  homogeneous 

is t h e  h 

p a t h ,  and p(S)dS is  t h e  p r o b a b i l i t y  of f i n d i n g  a s p e c t r a l  l i n e  o f  i n t e n s i t y  

S i n  t h e  i n t e r v a l  dS. When N i s  reasonably l a r g e ,  Eq. (48 )  is  given 

approximately by 12-14 

A = l-exp(-ih/d).  (49 )  

These equa t ions  f o r  t h e  absorptance along a homogeneous p a t h  have been 

gene ra l i zed  by Plass4,  c f .  Eqs. (53)  t o  (551 ,  t o  a s l a n t  p a t h  with a 

cont inuous v a r i a t i o n  of p re s su re  and temperature.  

t h e  case of a series of absorpt ion ce l l s  is given i n  t h i s  s e c t i o n .  

In  each of t h e  c a s e s  j u s t  mentioned, t h e  s t r i k i n g  r e s u l t  is obtained 

The g e n e r a l i z a t i o n  t o  

t h a t  t h e  absorptance for t h e  s t a t i s t i c a l  model can e a s i l y  be ob ta ined  if  

t h e  e q u i v a l e n t  width of a s i n g l e  i s o l a t e d  s p e c t r a l  l i n e  is  known for t h e  

a p p r o p r i a t e  cond i t ions .  The absorptance f o r  a series of absorbing cel ls  

i s  ob ta ined  from t h e  u s u a l  d e r i v a t i o n  for t h e  s ta t i s t ica l  model 

as  

12 ,  13,  1 4 ,  4 

where 
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t h e  equ iva len t  width W is given by Eq. (11, and P . ( S . )  i s  t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  f o r  t h e  l i n e  i n t e n s i t i e s  in t h e  i t h  abso rp t ion  cell. 

i s  reasonably l a r g e ,  Eq. ( 5 0 )  may be w r i t t e n  

1 1  

If N 

A = l -exp(- i /d) .  (52 )  

I t  is assumed i n  t h e  d e r i v a t i o n  of Eqs. ( 5 0 )  t o  ( 5 2 )  t h a t  t h e  same absorbing 

gases  are i n  a l l  of t h e  cel ls  so t h a t  t h e i r  l i n e  c e n t e r s  coincide.  

On t h e  o t h e r  hand i f  t h e r e  are d i f f e r e n t  gases  i n  t h e  absorbing ce l l s  

so t h a t  t h e r e  i s  no c o r r e l a t i o n  i n  t h e  p o s i t i o n  o f  t h e  l i n e  c e n t e r s  from 

one c e l l  t o  ano the r ,  t hen  it is  e a s i l y  shown by t h e  above d e r i v a t i o n  

t h a t  t h e  t o t a l  t r ansmi t t ance  is t h e  product of t h e  t r a n s m i t t a n c e  of t h e  in-  

d i v i d u a l  cells. 

Any r e s u l t  for t h e  equ iva len t  width of a s i n g l e  i s o l a t e d  s p e c t r a l  

l i n e  from Sect ion I1 can be s u b s t i t u t e d  i n t o  Eqs. ( 5 0 )  t o  ( 5 2 )  t o  ob ta in  

t h e  absorptance of a band which obeys t h e  s t a t i s t i c a l  model. 

are of g r e a t  g e n e r a l i t y  and are v a l i d  f o r  any l i n e  shape, r e g a r d l e s s  of 

These equa t ions  

how t h e  p r e s s u r e ,  temperature ,  and absorber  concen t r a t ion  vary from c e l l  

t o  c e l l .  

I n  o r d e r  t o  g ive  some examples of t h e s e  e q u a t i o n s ,  l e t  u s  first assume 

t h a t  a i l  t h e  s p e c t r a i  i i n e s  have t h e  same i n t e n s i t y ,  so  t h a t  = W and t h e  

i n t e g r a t i o n s  over i n t e n s i t y  do not have t o  be done. 

used i n  t h e  quasi-random model of band absorption15. 

approximation i s  v a l i d ,  w e  have from Eqs. ( 7 )  and ( 5 0 )  

These equa t ions  a r e  

When t h e  weak l i n e  

N 
A = l-[l-(xN./Nd)] 

3 3 
( 5 3 )  

o r  i f  N is reasonably l a r g e  
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A = 1-exp(-CW./d) 
j 1  

( 5 4 )  

I n  t h i s  case t h e  t r ansmi t t ance ,  T is t h e  product  of t h e  t r ansmi t t ances  o f  

t h e  i n d i v i d u a l  ce l l s ,  so t h a t  T = f l ~ ~ .  

t h e  arrangement of t h e  s p e c t r a l  l i n e s  i n  t h e  band is  immaterial i n  t h e  

This  i s  t h e  expected r e s u l t ,  s i n c e  
j 

weak l i n e  approximation. 

When t h e  s t rong  l i n e  approximation is  v a l i d  i n  a l l  of t h e  abso rp t ion  

cel ls ,  then  t h e  absorptance can be obta ined  d i r e c t l y  from Eq. (50)  or (52)  

by t h e  s u b s t i t u t i o n  of t h e  appropr i a t e  express ion  for t h e  equ iva len t  width 

of a s i n g l e  i s o l a t e d  s p e c t r a l  l i n e ,  Eq. (141, (151,  ( 1 6 ) ,  or ( 1 7 ) .  S i m i l a r l y  

when t h e  weak l i ne  approximation is v a l i d  f o r  one of t h e  absorp t ion  cel ls  

and t h e  s t r o n g  l i n e  approximation for another ,  t hen  t h e  equ iva len t  width 

of a s i n g l e  l i n e  i s  obtained from Eq. ( 1 9 )  or ( 2 5 )  t o g e t h e r  with t h e i r  

approximations,  Eqs, ( 2 3 1 ,  ( 2 4 ) .  (271, and (28) .  

The case when t h e  p r o b a b i l i t y  of f i n d i n g  a s p e c t r a l  l i n e  of i n t e n s i t y  

S i n  a given i n t e n s i t y  range decreases  approximately exponen t i a l ly ,  so t h a t  

12,13,14 has  been d iscussed  ex tens ive ly  i n  t h e  l i t e r a t u r e .  

f o r  t h e  absorptance can be ca l cu la t ed  f o r  t h i s  d i s t r i b u t i o n .  

a homogeneous pa th  is 

An exac t  express ion  

The r e s u l t  f o r  

12,13,14 

where 

B = 2na/Av 

xo = Sou/2na, 
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t h e  s u b s c r i p t  h refers t o  t h e  homogeneous pa th ,  and it is assumed t h a t  a l l  - 
of the absorp t ion  due t o  t h e  s p e c t r a l  l i n e  occurs  wi th in  t h e  s p e c t r a l  i n t e r v a l  

Av. Although t h e  i n t e n s i t y  d i s t r i b u t i o n  o f  most s p e c t r a l  bands is n o t  

a c c u r a t e l y  represented  by Eq. (551, it is i n t e r e s t i n g  t o  s tudy  t h i s  example 

since e x a c t  a n a l y t i c  express ions  can be obta ined  f o r  t h e  absorptance i n  

t h i s  case. 

For two absorp t ion  cells  in  series, t h e  absorptance i s  given by Eq.  

(50 )  where E as obtained from Eqs. (l), (51) .  and (55 )  is given by 

2 2  v2ta 2 f AV v t a  

v'ta 1 2 t n - k  01 a 1 u 1 v2 ta  2 2tn-1s02a2u2 
dv (57 )  

1 2 

o 

This  i n t e g r a l  can be eva lua ted  by w r i t i n g  each f r a c t i o n  i n  t h e  in tegrand  as 

u n i t y  minus another  f r a c t i o n .  The r e s u l t i n g  i n t e g r a l s  can a l l  be eva lua ted  

so  t h a t  w e  f i n d  

I 9  
- w1w2 
w = w  1 t w 2 -  I 

n[al(lt2xol) a t a 2 ( ~ t 2 x 0 2 ) "  I 
(58 )  

where 

( 5 9 )  
f; W = 2 n a  x /(1t2xOl) 

1 1 01 

2. 
and a corresponding express ion  f o r  W 

It is  i n t e r e s t i n g  t o  compare t h i s  r e s u l t  with t h e  equ iva len t  width of a 

s i n g l e  l i ne  i n  t h e  weak and s t rong  l i n e  l i m i t s ,  

both cells is described by t h e  weak l i n e  approximation !x < 0.2,  x < 0 . 2 ) ,  

t hen  an expansion of  Eq. (58)  l e a d s  t o  Eq.  ( 7 ) .  The equ iva len t  width is 

When t h e  abso rp t ion  from 

01 02 

s t i l l  t h e  sum of t h e  ind iv idua l  equ iva len t  widths  r e g a r d l e s s  o f  t h e  i n t e n s i t y  

d i s t r i b u t i o n .  

of Eq. (58 )  shows t h a t  i n  t h e  s t r o n g  l i n e  l i m i t  

On t h e  o t h e r  hand, when xol 2 and xo2 > 2 ,  then an expansion 
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- 
w = w + w -lw w /(Wl+W2)1.  

1 2 1 2  
( 6 0 )  

This  does no t  agree  with Eq. (15) s i n c e  i n  t h i s  l i m i t  t h e  d i s t r i b u t i o n  o f  

l i n e  i n t e n s i t i e s  can change t h e  r e l a t i o n s h i p  between t h e  va lues  of W f o r  

each absorp t ion  c e l l  and t h e  t o t a l  E. 

when t h e  weak l i n e  approximation a p p l i e s  t o  one c e l l  a lone  and t h e  s t r o n g  

l i n e  approximation t o  t h e  o ther .  

I V .  I n t e r p o l a t i o n  Procedures 

j 
The same type  of r e s u l t  is obta ined  

General r e s u l t s  are der ived i n  Sec t ion  I11 which determine t h e  amount 

of  absorbing gas ,  t h e  p re s su re ,  and t h e  temperature  f o r  a homogeneous pa th  

through a s i n g l e  absorp t ion  c e l l  whose t o t a l  absorptance i s  equa l  t o  t h a t  of 

a number of  absorp t ion  ce l l s  i n  series. 

proximation,  E q s .  ( 3 4 )  and (351,  determine t h e  r equ i r ed  amount of absorbing 

gas ,  uh, a long t h e  homogeneous pa th ,  but  s t i l l  a l low an a r b i t r a r y  choice f o r  

t h e  p re s su re  along t h i s  path.  On t h e  o t h e r  hand, t h e  r e s u l t s  f o r  t h e  s t r o n g  

l i n e  approximation, E q s .  ( 391 ,  ( 4 0 1 ,  ( 4 1 1 ,  and (421,  determine t h e  product  

The r e s u l t s  f o r  t h e  weak l i n e  ap- 

I t  is p o s s i b l e  t o  sa t i s fy  s imultaneously any p a i r  of t h e s e  weak and 

s t r o n g  l i n e  equa t ions  s i n c e  t h e  weak l i n e  equat ion  determines t h e  va lue  of 

u and t h e  s t rong  l i n e  equat ion can then be solved t o  f i n d  ah o r  pha These h 

r e s u l t s  can then  be s u b s t i t u t e d  i n t o  any equat ion  which has  been de r ived  f o r  

t h e  absorptance of a homogeneous pa th  i n  o rde r  t o  ob ta in  t h e  absorptance 

of  a series of  abso rp t ion  cells. 

connect ion with any experimental  measurements o r  c a l c u l a t e d  t a b l e s  of 

homogeneous p a t h  absorptance in  o r d e r  t o  determine t h e  absorptance of a 

number of c e l l s  i n  series. The absorptance f o r  a ser ies  of ce l l s  c a l c u l a t e d  

i n  t h i s  manner must numericaly agree  wi th  t h e  c o r r e c t  r e s u l t  when t h e  absorp tance  

They can a l s o  be used equa l ly  w e l l  i n  
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of  each of t h e  ce l l s  considered i n d i v i d u a l l y  can be descr ibed  by e i t h e r  t h e  

weak l i n e  o r  t h e  s t r o n g  l i n e  approximation. 

r e s u l t i n g  equat ions  would a l s o  descr ibe  t h e  abso rp t ion  a c c u r a t e l y  i n  t h e  

in t e rmed ia t e  region and i n  t h e  case  when t h e  absorptance of one c e l l  is b e s t  

r ep resen ted  by t h e  weak l i n e  approximation while  another  c e l l  is  b a s t  re- 

presented  by t h e  s t r o n g  l i n e  approximat ion. 

I t  might be expected t h a t  t h e  

Equat ions der ived  by t h i s  same method have proved t o  be very  u s e f u l  

f o r  many atmospheric s l a n t  paths .  96 9 4  The a c t u a l  atmospheric s l a n t  p a t h  

can be considered t o  be t h e  l i m i t  of a number of  cel ls  i n  series each wi th  

a d i f f e r e n t  amount of absorber  gas ,  p re s su re ,  and temperature .  However, 

i n  t h e  a c t u a l  atmosphere t h e  amount of  abso rbe r  gas  i n  each c e l l  dec reases  

as t h e - p r e s s u r e  decreases  provided t h a t  t h e  absorber  is uniformly d i s t r i b u t e d  

i n  t h e  atmosphere. The s i t u a t i o n  is q u i t e  d i f f e r e n t  i n  a l a b o r a t o r y  expe r i -  

ment where t h e  amount of absorbing gas  and t h e  p re s su re  i n  each c e l l  may have 

any a r b i t r a r y  va lue  wi th in  wide l i m i t s .  Because of  t h i s  fact  t h e  absorp tance  

equa t ions  der ived  by t h e  i n t e r p o l a t i o n  procedure must be used wi th  care i n  

t h e  case of  two or more ce l l s  in s e r i e s .  

A s  an example of  t h e  i n t e r p o l a t i o n  procedure assume t h a t  t h e  l i n e  

i n t e n s i t y  and half-width of each l i n e  i n  t h e  frequency i n t e r v a l  Av are 

equa l ,  so t h a t  S 

p re s su re  f o r  a homogeneous cel l  are then obtained by so lv ing  Eqs. ( 3 4 )  and 

= S (i) and a = a (i), The equiva len t  pa th  l eng th  and 
j j  j j  

(40)  with  t h e  r e s u l t  t h a t  

and 

Fs j a j u  j 

j ~ j  cs .u % = I  ( 6 2 )  
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These equa t ions  are v a l i d  f o r  both a s i n g l e  s p e c t r a l  l i n e  and f o r  t h e  Elsasser 

model, bu t  are even more gene ra l  t han  t h i s  s i n c e  they  are v a l i d  f o r  any 

a r b i t r a r y  v a r i a t i o n s  of t h e  spacing between l i n e s  i n  t h e  spectrum. 

(61)  and (62)  are a l s o  v a l i d  i f  t h e  h a l f  width v a r i e s  from l i n e  t o  l i n e  

provided ah(  i)and a ( i )  are w r i t t e n  f o r  t h e  half-widths  i n  Eq. (62). 

Equations 

When t h e  l i n e  i n t e n s i t i e s  vary from l i n e  t o  l i n e ,  but  t h e i r  temperature  

dependence can be represented  by Eq. ( 3 7 1 ,  then w e  f i n d  from Eqs. (34)  and 

(39)  t h a t  

and 

Because of t h e  assumptions made, t h e  two q u a n t i t i e s  uh and ah ( i ) / a j ( i )  cal- 

c u l a t e d  from t h e s e  equa t ions  a r e  a c t u a l l y  independent of  i. 

F i n a l l y  when t h e  temperature  can be considered cons t an t  i n  t h e  va r ious  

cel ls ,  w e  f i n d  t h e  q u a n t i t y  uh from Eq. (35 )  and ah from Eq. ( 4 1 )  as 

ah cu = ca .u  
j j  j ~ j  ( 6 5 )  

The va lues  of u and a from any appropr i a t e  p a i r  of t h e s e  equat ions  
h h 

can then  be s u b s t i t u t e d  i n t o  any s u i t a b l e  equat ion  f o r  band absorptance.  For 

example, i f  t h e  s t a t i s t i c a l  hodel  i s  v a l i d ,  t h e s e  va lues  can be s u b s t i t u t e d  

i n t o  Eq. (481, (491, o r  (56) .  

I n  o rde r  t o  s tudy t h e  i n t e r p o l a t i o n  procedure l e t  us cons ider  t h e  

equ iva len t  width of a s i n g l e  s p e c t r a l  l i n e  which f o r  a homogeneous pa th  is 

given by 
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Wh = 211a f ( X h ) ,  h ( 6 6 )  

where 

x = Shuh/2na 
h h 

and 

-X 
f ( x )  = xe C I o ( x ) t I ~ ( x ) l ,  

where Io and I 

t h e  ce l l s  can be considered t o  be a t  cons t an t  tempera ture ,  then it fo l lows  

are t h e  Bessel f u n c t i o n s  of  imaginary augument. If a l l  
1 

from Eqs. ( 3 5 1 ,  (651, and ( 6 6 )  t h a t  

A comparison of t h i s  approximate equat ion  

c a l c u l a t e d  exac t  va lues  for t h e  equ iva len t  

in series. Equation (67) gave an accu ra t e  

width when both ce l l s  had values  of u and 
j 

(67) 

was made with t h e  p rev ious ly  

width when t h e r e  are two ce l l s  

r e p r e s e n t a t i o n  of t h e  equ iva len t  

a such t h a t  t h e i r  absorptance 
j 

could be r ep resen ted  ind iv idua l ly  by t h e  weak l i n e  approximation. 

it provided an accurate r ep resen ta t ion  when both ce l l s  could be r ep resen ted  

by t h e  s t r o n g  l i n e  approximation. 

by t h e  weak l i n e  approximation and t h e  o t h e r  by t h e  s t rong  l i n e  approximation, 

then  t h e  i n t e r p o l a t i o n  procedure may or may n o t  be a good*approximation. 

is  a good approximation i n  t h i s  case only  when almost a l l  of  t h e  absorp t ion  

occurs  i n  one cel l .  Uhen both cells c o n t r i b u t e  apprec iab ly  t o  t h e  abso rp t ion ,  

then t h e  i n t e r p o l a t i o n  procedure may provide an inaccura t e  answer, as it 

does f o r  t h e  two cases i l l u s t r a t e d  i n  Figs.  7 and 8. 

S i m i l a r l y  

However, when one c e l l  is rep resen ted  

I t  



- 25 - 

I n  Fig. 7 ,  t h e  equ iva len t  width is  shown as a func t ion  of x2 when 

x The first c e l l  can always be r ep resen ted  

by t h e  weak l i n e  approximation (because x = 0.01) as can t h e  second c e l l  

when x2 < 0.2. I n  t h i s  region t h e  i n t e r p o l a t i o n  procedure,  Eq. (671, re- 

p r e s e n t s  W accura te ly .  

t h e  second c e l l .  

= 0.01 and q = a2/al = 0.01. 1 

1 

When x2 > 200, most of  t h e  absorp t ion  occur s  i n  

For t h i s  reason Eq. ( 6 7 )  a l s o  a c c u r a t e l y  r e p r e s e n t s  W 

even though t h e  first c e l l  i s  represented  by t h e  weak l i n e  approximation 

and t h e  second by t h e  s t rong  l i n e  approximation. However, Eq. (67)  f a i l s  

t o  r ep resen t  t h e  a c t u a l  absorp t ion  i n  t h e  reg ion  2 < x < 200 where t h e  

two ce l l s  are s t i l l  represented  by d i f f e r e n t  approximations and where t h e  
2 

absorp t ion  of r a d i a t i o n  i n  each of t h e  two ce l l s  i s  of t h e  same o rde r  of 

magnitude . 
A similar s i t u a t i o n  i s  shown i n  Fig. 8 where x1 = 100 and q = a /a = 100. 2 1  

The i n t e r p o l a t i o n  procedure,  Eq. (671, f a i l s  when 0.002 < x < 1. In  t h i s  

reg ion  aga in  both ce l l s  make t h e  same o rde r  of  magnitude c o n t r i b u t i o n  t o  

2 

t h e  absorp t ion  while t h e  first c e l l  can be represented  by t h e  s t r o n g  l i n e  

approximation and t h e  second by t h e  weak l i n e  approximation. 

For comparison, Eq.  ( 7 )  i s  a l s o  p l o t t e d  i n  Figs .  7 and 8. This  equat ion  

assumes t h a t  both c e l l s  can be r ep resen ted  by t h e  weak l i n e  approximation. 

In Fig. 7 it agrees  wi th  t h e  c o r r e c t  va lue  when x2 < 0.2, as would be 

expected.  I t  is no t  v a l i d  f o r  any of t h e  va lues  shown i n  Fig. 8 ,  s i n c e  

wi th  x1 = 100 t h i s  first c e l l  can never  be r ep resen ted  by t h e  weak l i n e  

approximation . 
Equation (15)  is a l s o  p l o t t e d  i n  t h e s e  f i g u r e s .  This  equat ion  assumes 

t h a t  both ce l l s  can be represented  by t h e  s t rong  l i n e  approximation. This 

is t r u e  i n  Fig. 8 when x2 > 2 and it does provide a good r e p r e s e n t a t i o n  i n  
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t h i s  region.  I n  Fig. 7,Eq. ( 1 5 )  a l s o  provides  a good r e p r e s e n t a t i o n  when 

x > 200. Although t h e  f i rs t  c e l l  cannot be represented  by t h e  s t rong  l i n e  

approximation i n  t h i s  case ,  neve r the l e s s  Eq. ( 1 5 )  can be used when x2 > 200 

s i n c e  v i r t u a l l y  all of t h e  absorpt ion occurs  i n  t h e  second c e l l  i n  t h i s  region.  

V. Conclusions 

2 

The equ iva len t  width of an i s o l a t e d  s p e c t r a l  l i n e  o r  of a band of non- 

over lapping  l i n e s  is der ived  i n  Sec t ion  11. It  i s  shown t h a t  t h e  equ iva len t  

width is t h e  sum of  t h e  equiva len t  widths  of each absorbing c e l l  i n  t h e  pa th  

of t h e  r a d i a t i o n ,  Eq. (71, when t h e  weak l i n e  approximation d e s c r i b e s  t h e  

absorp t ion  i n  each c e l l  considered ind iv idua l ly .  

proximation is app l i cab le  t o  each c e l l ,  t h e  equ iva len t  width is given by 

t h e  square r o o t  of  t h e  sum of t h e  squares  of  t h e  i n d i v i d u a l  equ iva len t  

widths  of each c e l l ,  Eq. (15) .  

by t h e  weak l i n e  approximation and t h a t  of a second ce l l  by t h e  s t r o n g  l i n e  

approximation, t h e  equ iva len t  width can be obta ined  from Eq. (19) o r  ( 2 5 ) .  

I l l u s t r a t i v e  examples a r e  given f o r  a l l  of  t h e s e  cases. 

When t h e  s t rong  l i n e  ap- 

When t h e  absorp t ion  of one c e l l  is descr ibed  

The absorptance of a s p e c t r a l  band composed of overlapping s p e c t r a l  

l i n e s  i s  considered i n  Sec t ion  111. 

gas ,  p re s su re ,  and temperature  are obtained f o r  a homogeneous pa th  which has  t h e  

same absorptance as t h e  a c t u a l  pa th  tnrough two o r  more cells i n  series. 

The weak l i n e  r e s u l t  is  given by Eqs. (33) and (34) and t h e  s t r o n g  l i n e  r e s u l t  

by Eqs. (39), (401, (411, and ( 4 2 ) .  The absorptance f o r  a series of ce l l s  i s  

der ived  when t h e  Elsasser model is  v a l i d ,  Eqs. (441, ( 4 5 ) ,  and (461, and when 

t h e  s t a t i s t i ca l  model is v a l i d ,  Eqs. (SO), (521, (531, (510, and (58)  t o g e t h e r  

wi th  Eqs. (141, (151,  (161, and (17 ) .  

rirst an equ iva len t  amount of  absorb ing  
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The i n t e r p o l a t i o n  procedure is s t u d i e d  i n  Sec t ion  I V .  An equ iva len t  

p r e s s u r e  and amount of absorbing gas  is c a l c u l a t e d  by s a t i s f y i n g  s imultaneously 

both t h e  weak and s t r o n g  l i n e  equat ions.  

s i m p l i f i e d  expres s ions  f o r  t h e  absorptance when t h e  abso rp t ion  by a l l  of t h e  

i n d i v i d u a l  ce l l s  can be r ep resen ted  by e i t h e r  t h e  weak l i n e  o r  by t h e  s t r o n g  

l i n e  approximation. 

c o n d i t i o n s  are s a t i s f i e d :  

r ep resen ted  by t h e  weak l i n e  approximation, while o t h e r  cel ls  are r ep resen ted  

by t h e  s t r o n g  l i n e  approximation; ( 2 )  each of t h e  groups of cells  makes a 

s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  abso rp t ion  of t h e  r a d i a t i o n .  

This procedure p rov ides  u s e f u l  

However the  r e s u l t s  are i n a c c u r a t e  when both of t h e s e  

(1) t h e  absorpt ion by some of t h e  ce l l s  is 
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Legends f o r  F igures  

Fig. 1. 

two cells in  series as a func t ion  of 1+(S u /S u >. 
l i n e  i n t e n s i t y ,  amount of absorbing gas ,  and half-width i n  t h e  first c e l l  

and S 2 ,  u2, a2 are t h e  same q u a n t i t i e s  i n  t h e  second cel l .  The uppermost 

curve is  t h e  weak l i n e  l i m i t ,  which assumes t h a t  t h e  abso rp t ion  by t h e  second 

c e l l  can be represented  by t h e  weak l i n e  approximation. 

f o r  x 

Fig. 2. 

The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  atso2bed by 

Sly ulY al are t h e  2 2  1 1  

These curves  are 

= S1u1/2ral = 0.01 and f o r  v a r i o u s  va lues  of q = a /a 1 2 1' 

The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed by two 

ce l l s  i n  series as a func t ion  of S2u2/s1u1. 

va r ious  va lues  of q. 

Fig. 3.  

These cu rves  are f o r  x = 1 and 1 

The equ iva len t  width,W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed by two 

ce l l s  i n  ser ies  as a func t ion  of S2u2/S1u1. These curves  are f o r  x1 = 100 

and va r ious  va lues  of q. 

Fig. 4. The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed by two 

ce l l s  i n  series as a func t ion  of S2a2u2/S1alu1. 

s t r o n g  l i n e  l i m i t  which assumes t h a t  t h e  absorp t ion  by t h e  second c e l l  

The uppermost curve i s  t h e  

can be represented  by t h e  s t r o n g  l i n e  approximation. These curves  are f o r  

, xl = 0.01 and va r ious  va lues  of q. 

Fig. 5. The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed by two 

c e l l s  i n  series as a func t ion  of S2a2u2/Slalu1. 

and va r ious  va lues  of q. 

These curves  are f o r  x = 1 1 

Fig. 6. The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed by two 

ce l l s  i n  series as a func t ion  of S2a2u2/SLa1u1. 

and var ious  va lues  of q. 

These curves  are for x1 = 100 
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Fig. 7. 

c e l l s  i n  series as a func t ion  of x when x = 0.01 and q 0.01. On t h e  
2 1 

scale of t h i s  f i g u r e  t h e  actual value and t h a t  ob ta ined  from t h e  approximate 

Eq. (19 )  cannot be d i s t ingu i shed .  The r e su l t s  obta ined  from va r ious  ap- 

proximate equat ions  are also shown: i n t e r p o l a t i o n  procedure,  Eq. ( 6 7 ) ;  

weak l i n e  approximat ion ,  Eq. ( 7 1 ; s t rong  l i n e  approximat ion ,  Eq. ( 15 1. 

Fig. 8. 

by two ce l l s  i n  ser ies  as a func t ion  of x2 where x1 = 100 and q = 100. 

On t h e  scale of t h i s  f i g u r e  t h e  a c t u a l  va lue  and t h a t  obtained from t h e  

approximate Eq. (19)  cannot be d i s t ingu i shed .  The r e s u l t s  ob ta ined  from 

va r ious  approximate equa t ions  a r e  a l s o  shown : 

(67 )  ; weak l i n e  approximation, Eq. ( 7 )  ; s t r o n g  l i n e  approximat ion ,  Eq. (15). 

The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed by t w o  

The equ iva len t  width W f o r  a s i n g l e  s p e c t r a l  l i n e  absorbed 

i n t e r p o l a t i o n  procedure,  Eq. 
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